We consider a traffic network subject to known time-varying demands between its origins and destinations. We model the network as a discrete-time dynamical system driven by these demands. The state of the system at each time epoch is defined in a way that avoids complete microscopic detail by grouping vehicles into platoons irrespective of origin node and time of entry to network. Moreover, the formulation contains no path enumeration. The control variables correspond to the assignment or routing of the platoons on downstream links at the nodes of the network. Impedance functions combined with link outflow functions are used to model link travel times in the state transition function. This modeling approach allows for the study of the problem of dynamic traffic assignment in networks in the framework of the optimal control of dynamical systems. This work has applications to route guidance issues that arise in an Intelligent VehicleHighway Systems (IVHS) environment.
INTRODUCTION
We consider the problem of dynamic traffic assignment in networks with multiple trip origins and destinations. Our approach is as follows. The traffic network, which may include both freeway corridors and surface streets, is modeled as a directed graph. The sets of origins and destinations are subsets of the set of vertices of the graph. The edges of the graph are links in the network. Some information is available about these links, in the form of impedance functions, which express link travel times in terms of the number of vehicles on the links, or link outflow functions, which constrain the departure or exit rate of vehicles from a link in terms of the number of vehicles on this link. We assume that the network is subject to known time-varying demands from vehicles for travel between its origins and destinations during a given (finite) time horizon (e.g., a period of a few hours). The objective is to assign the vehicles to links over time in order to minimize some objective function (e.g., the total travel time experienced by all the vehicles using the network). We are dealing with a dynamic as opposed to static problem because the demand is dynamic and the routes assigned to vehicles from their origins to their destinations may depend on the entire set of demands over the whole time horizon considered.
Our motivation for studying this problem comes from route guidance issues that arise in an Intelligent Vehicle-Highway Systems (IVHS) environment [9] . In IVHS, it is desired to perform "anticipatory" route guidance, i.e., to route the vehicles on the network on the basis of the future travel times that they will experience on the links that they will be traveling. However, these future travel times depend on the routing decisions made for all the vehicles traveling on the network, and thus they have to be forecasted using a combination of historical and real-time information (see, e.g., [ 5 , 4, 111). Our objective is not to address this real-time forecasting/assignment problem where the demand is not known a priori and the decisions may be affected by the occurrence of incidents and other unpredictable events. By making the simplifying assumption that the demand, although dynamic, is known beforehand, and by considering a fixed time horizon (with no incidents occurring), we are able to construct a complete (deterministic) dynamical model for the problem of traffic assignment. This model can then serve as a framework to pose various optimization problems and to study the properties of their respective solutions. Such work will provide considerable insight into the problem of real-time "anticipatory" route guidance in IVHS.
We model the traffic network over the time horizon as a discrete-time dynamical system. At each time epoch, the system state consists of the sizes of all platoons, each of which represents all vehicles on a certain link with the same destination and the same earliest possible time of departing the link. This state definition avoids complete microscopic detail by grouping vehicles into platoons irrespective of origin node and time of entry to network, yet it conforms to the requirement that the state should summarize all relevant past behavior so as to contain sufficient information for the determination of the future behavior of the system. Also, since this formulation is based on links, it contains no path enumeration. We provide a general form for the state transition function giving the possible states at time t -t 1 as a function of the state at time t and of the feasible assignment or routing decisions for platoons that exit a link or join the network in the time interval ( t , t f 11. Specific forms of the state transition function catn model link travel times by either impedance functions or link outflow rate constraints. Further, the two can be combined in a way which represents interaction between links due to recurring congestion and capacity reductions, in addition to single link impedances, Our presentation is organized as follows. A brief review of some related work is given in Section 2. The dynamical system model is presented in detail in Section 3. Section 4 concludes the paper with a discussion on applications and extensions of the model. (For a complete treatment of this work, the reader is referred to [6] .)
COMPARISON WITH OTHER WORK
In this section, we compare our approach with some related work in dynamic traffic assignment.
Janson [3] has recently addressed the dynamic user-equilibrium traffic assignment problem for networks with multiple origins and destinations and known time-varying travel demands.
He has developed a mathematical program for dynamic userequilibrium assignment and proposed an algorithm for the solution of this problem. The algorithm is based on a two-step decomposition of the problem that is then solved iteratively. His simulations have shown that the iterative procedure exhibits good near convergence properties. Our approach differs from Janson's work in at least two respects. First, we are considering a system-optimal objective rather than a user-equilibrium one. Second, our discretization of time is fundamentally different. In [3], the discrete time interval At must be chosen large enough so that vehicles completely traverse any link in one time interval. Otherwise, the links need to be broken into smaller ones resulting in an increase of the dimensionality of the mathematical program. In our formulation, At must be chosen small enough so that vehicles will not traverse more than one link in one time interval. The number of decision variables in our optimization problem increases linearly in the number of time intervals.
Merchant and Nemhauser [7] formulated a mathematical program for system-optimal dynamic traffic assignment in a network with multiple origins and a single destination. They assumed that all links are uncapacitated and that in each time interval the number of vehicles departing a link is a function (nonlinear in general) only of the volume on that link. Therefore, congestion caused by blocking of one link by another congested link is not modeled. Carey [l] reformulated this model as a convex program by assuming the link departure function to be a maximum outflow instead of an actual outflow, hence constraining by nonlinear inequality instead of equality. Thus vehicles may be held back to benefit the system-optimality criterion, but not due to congestion on other links since the model remains uncapacitated. Departure functions can be included in the dynamical system model presented in this paper, and combination with impedance functions for link travel times will prevent unreasonably short link travel times that might otherwise occur with short time intervals At.
Papageorgiou et al. [8] have studied the general requirements of dynamic models based on standard state space methods. Our approach is different from theirs in several respects. A major difference is that their model is macroscopic and continuous in nature, employing traffic volumes, traffic densities, and rates of traffic volumes, whereas our model is microscopic in the sense that it tracks explicitly platoons of vehicles on links. Another difference is that the model of Papageorgiou et al. requires the specification of dynamical equations (that will be part of the complete state space model) to model the propagation of "composition rates" along links, where these rates represent the proportion of vehicles on a link flowing to a particular destination. Instead, we explicitly calculate and record in the state the exit time of a vehicle from its current link using a combination of impedance and link outflow functions.
The work of Friesz et al. [2]
on dynamic traffic assignment is also in the system theoretic paradigm. However, they have modeled traffic flow as a real valued continuous time process. The model that we present is discrete time and integer valued. It is developed in the hope of providing a compact mathematical representation to which methods in areas such as combinatorial optimization or mixed integer programming may be applied. We do not aim at analysis on the basis of the Pontryagin principle.
DYNAMICAL SYSTEM MODEL
We present in this section a dynamical system model of a traffic system having multiple origins and destinations. Each link in the network may be described by a first order difference equation and the network as a whole is represented by another first order difference equation that is an aggregation of the link equations. Thus our dynamical equation possesses an attractive and simple modular structure.
The
Thus any origin or destination must necessarily be a vertex and any highway or arterial connecting two points with no intervening point of interest is an edge on the directed graph. The structure is formalized as follows.
(i) 1 x 1 = Number of elements of a finite set X . < nd >d=l , This is a subset of V .
d=[DI
The set of origin vertices does not have to be explicitly referred to in the dynamical equations that follow. Therefore, without loss of generality, we assume that this set is equal to V .
Since the formulation is discrete time, we define (i) t = Discrete time index. Thus t E IN.
(ii) Tt = Maximum possible number of sampling instants spent by a vehicle on the link ee E E.
Thus it is assumed that there exists an upper bound on the time that a vehicle may spend on a given link. We consider such an assumption tenable if a link is never loaded in excess of a defined capacity. This restriction will be introduced when the region of admissible behavior of the model is defined. Moreover, it may be noted that Te is independent of the time at which a vehicle joins the link et, Le., of prevailing traffic conditions at the time of entry. Te is a function of highway or arterial capacity, which is also time invariant.
The state of the network at any given sampling time must reflect the location of each vehicle on the network at that time. Accordingly we define a state variable that groups vehicles on a link according to their destinations and exit times from the 
M J A
For each link and destination we define for all
The function fe computes the time spent on link ee by vehicles joining the link at a given time. The function sie(-) is used to schedule events in the future based on the current state. Therefore the state dynamics are deterministically event driven and the appropriate state variable may be incremented. Accordingly we obtain the first order difference equation
which is of dimension (TelDl x \Dl). Then it is evident that
xe(t), ue(t))ue(t) .
The extension to link output is made as usual. Let Ye(t) = [Yle(t) ' * .YID'e(t)lb,xl and
The Network Dynamical Equation-The network dynamical equation is very easily written by exploiting the modular structure of the system. We define the following notation.
Thus A is of dimension (EE\ TelD 1 ) X (cE TeIDI).
The required dynamical equation for the whole network is then
X ( t t 1) = A X ( t ) + G ( X ( t ) , U ( t ) ) U ( t )

I
It is assumed that the initial conditions are stated as the quantity X ( t 0 ) z X0 where to is the initial time. The homogeneous system remains linear first order and the overall system is also first order. The network output equation is 
R(t) = [ r " ( t ) r y t )
DISCUSSION
We have approached the problem of dynamic traffic assignment in networks from the viewpoint of dynamical systems and have proposed a new model for this problem. This model is more detailed than typical macroscopic models, yet it avoids complete microscopic detail by grouping vehicles into platoons irrespective of origin node and time of entry to the network. It has been observed in the literature that traffic models based on impedance functions alone or on link outflow rate functions alone suffer from certain deficiencies. By using impedance functions to first determine the travel time for a vehicle on a link and then by using headway constraints to limit the outflow from a link, our model in some sense combines both of these approaches. This aspect is further refined in [6] where blocking controls and more general link outflow functions that delay the exit of platoons from links are included into the model. (The inclusion of background traffic is also considered in [6] .) We believe that this feature of our model is interesting because it closely resembles what happens in a microscopic simulation of traffic (e.g., the INTEGRATION traffic simulator of Van Aerde [lo] ).
Another aspect that we wish to emphasize concerns the link impedance function. This function has been assumed to be a function of 2, which represents the number of vehicles on the link. But this number is a highly aggregated version of the detailed information contained in the state X ( t ) . In fact, the state X ( t ) is capable of supporting far richer arguments than z for the impedance function.
Thus the experienced traffic designer may study the behavior of the model using more complex and generalized impedance functions.
Finally, we briefly discuss the issue of optimization. From Sections 3.2 and 3.3 we obtain the equathat X ( t ) is a system state reachable at time t. The decision arcs represent the control variables (link inputs) U ( t ) , with arc U ( t ) present and connecting ( t , X ( t ) ) with ( t f 1,X(t t 1)) if and only if
U ( t ) E R ( X ( t ) , R ( t ) ) and
X ( t t 1) = AX(t) t G ( X ( t ) , U ( t ) ) U ( t ) .
By imposing a cost structure and boundary conditions on the decision network we can formulate various optimal control problems. Reference [6] studies in detail two such problems (fixed-endtime freeendpoint and free-endtime fixed-endpoint) in the context of a cost function corresponding to the total travel time experienced by all the vehicles using the network. By the very nature of the model developed in this paper, such optimal control problems are amenable to algorithmic solutions based on dynamic programming.
